This paper formulates and solves the problem of minimum-time and minimum-energy optimal trajectories of rendezvous of a powered chaser and a passive tumbling target, in a circular orbit. Both translational and rotational dynamics are considered. In particular, ending conditions are imposed of matching the positions and velocities of two points of interest onboard the vehicles. A collision-avoidance condition is imposed as well. The optimal control problems are analytically formulated through the use of the Pontryagin minimum principle. The problems are then solved numerically, by using a direct collocation method based on the Gauss pseudospectral approach. Finally, the obtained solutions are verified through the minimum principle, solved by a shooting method. The simulation results show that the pseudospectral solver provides solutions very close to the optimal ones, except in the case of presence of singular arcs when it may not provide a feasible solution. The computational time needed by the pseudospectral solver is a small fraction of the one needed by the indirect approach, but it is still considerably too large to allow for its use in real-time onboard guidance.
I. Introduction T HE rendezvous problem of two spacecraft orbiting the Earth has been addressed in numerous publications. Rendezvous technology has also evolved with small-spacecraft development, such as the Demonstration for Autonomous Rendezvous Technology (DART), § the Experimental Satellite Systems-10 (XSS-10) and XSS-11 ¶ [1] , the Spacecraft for the Universal Modification of Orbits (SUMO) [2] , and the Orbital Express (OE). In particular, the XSS-11 exhibited the ability for a small satellite to autonomously plan and rendezvous with a passive or cooperative resident space object (RSO) in low Earth orbit [3] . The use of microsatellites to inspect, service, repair, and refuel larger spacecraft is a long-term goal. The closest the XSS-11 approached and maneuvered around another object in space was approximately 500 m. In addition, DARPA's OE Advanced Technology Demonstration Program validated the technology and techniques for on-orbit refueling and reconfiguration of two satellites. The mission, conducted in 2007, performed several autonomous rendezvous and capture scenarios, including component exchange and propellant transfer events [4, 5] . The existence of these programs demonstrates that there is a need for a robust and effective autonomous close-proximity control algorithm for multiple small spacecraft.
From the theoretical standpoint, the present paper elaborates on the previous work by Ma et al. [6] , who have studied the minimumcontrol-effort problem for a planar rendezvous to a tumbling object (with only three states, position coordinates x and y, and heading angle ), neglecting any path constraints and relative motion dynamics pertinent to proximity space operations. The Sakawa-Shindo algorithm [7] was used for calculating the optimal control. The current paper greatly expands the scope by taking into account the proximity motion dynamics, considering the full six-degree-offreedom model and determining both the minimum-time and the minimum-control (energy) effort solution of the rendezvous of two satellites. It also features a comparison of the solutions obtained using one of the prominent direct methods with the truly optimal solutions obtained using the minimum principle (MP). Another paper by the authors takes a further step and considers three different performance indexes adding additional constraints to match terminal attitude and angular rate, along with position and velocity [8] .
This paper is organized as follows. Section II introduces the dynamics model of two spacecraft and formulates the optimal control problem. Section III synthesizes the optimal solution by exploiting the minimum principle. Section IV presents a methodology of solving optimal control problems using one of the pseudospectral methods (PSM) and verifying the solution converting the optimal control problem to a two-point boundary-value problem (TPBVP), i.e., a problem of minimization of a scalar function of several variables, and solving it via a forward-shooting technique using a quasi-Newton method. Next, Sec. V presents the results using the developed methodology to solve the minimum-control (energy) problem, followed by Sec. VI that addresses the minimum-time problem.
II. Two-Spacecraft Rendezvous Modeling and Optimization Problem Formulation
This section develops a model of target-chaser rendezvous. Figures 1 and 2 show a graphical representation of the problem. The center of the orbit frame is fixed to the center of mass of the tumbling RSO. The x axis points toward the zenith. The y axis lies along the velocity vector of the RSO (assuming circular orbit) and the z axis lies along the orbit normal of the RSO. We start from the arbitrary relative position (Fig. 1a) and would like to bring two spacecraft together for docking (Fig. 1b) .
Using the notations described in the beginning of this paper based on the above model, the dynamics of the two systems can now be described as follows. The translational kinematics and dynamics of a chaser spacecraft in the orbit frame centered at the target vehicle are given by the Hill-Clohessy-Wiltshire equations [9] :
where f x , f y , and f z are the applied forces (controls) expressed in the Hill frame. The rotational dynamics of the chaser, described by the vector equation [10, 11] 
expand into the scalar quantities
In Eqs. Similarly, for the (uncontrolled) target the rotational dynamics are given by the vector equation 
Defining O T R as the rotation matrix to convert from the body frame of the target fTg to the orbital frame fOg and O C R to convert from the chaser body frame fCg to the orbital frame fOg, we can define the angular velocity of each object ( fT; Cg) with respect to the orbital frame expressed in the orbital frame:
Rotation matrices O R are constructed using components of the corresponding quaternion as follows [10] : Fig. 1 Depiction of the a) two-spacecraft rendezvous problem and b) desired final state at t f . 
The elements of the quaternion are propagated according to [10] 
Equations (1), (3), (5), and (8), define a 20-state system of differential equations governing rendezvous dynamics. Combined into the state vector x these states are The governing dynamics assume six normalized controls that can be used by the chaser to achieve the rendezvous conditions:
For simplicity, we will further assume that f i max 1 ms 2 and T i max 1 Nm for i x, y, z, Once again, these controls are three normalized components of a translational force acting on a chaser f i (i x, y, z), expressed in the Hill coordinate frame, and three normalized components of a torque allowing change in the chaser's attitude, T i (i x, y, z), expressed in the chaser's body frame. All six controls are bounded: 1 u 1.
Using these controls we would like to bring the two spacecraft from some initial conditions, given by 20 initial values of states x i t 0 , i 1; . . . ; 20, to docking-enabling conditions described by matching the chaser's and target's docking-station final positions and velocity vectors. These docking-enabling conditions can be conveniently expressed by the following six end conditions, depending on the state variables: While transitioning to docking-enabling conditions we would like to minimize and compare two different performance indices,
with f 0 1
for minimum time and 
for minimum quadratic control (or energy) expenditure.
III. Synthesis of the Optimal Control Using the Minimum Principle
This section deals with the MP and synthesis of the optimal control in order to analyze its structure and reduce the problem to a TPBVP.
A. Formulation of the Optimal Control Problem
We start from the general formulation for the Hamiltonian of the system with the state vector x, Eq. (9), control vector u, Eq. (10), and running cost f 0 :
where the operator (. . .) denotes a scalar product of two vectors, and 2 R N x is a costate vector whose differential equations are to be defined later in this section.
For the specific system of equations (1), (3), (5), and (8), with the running cost from Eq. (13) 
The part of the Hamiltonian that depends on the controls, the switching function, for the time-minimum problem is
As shown, all six controls enter the switching function (Hamiltonian) linearly, and therefore the optimal control for all of them is the bangbang control defined by
(the possibility of a singular control, when i3 t 0, is considered in Sec. III.C). Likewise, developing the Hamiltonian for the minimumquadratic-control cost function, or minimum energy, based on Eq. (14) Since the controls enter the Hamiltonian nonlinearly the optimal control is not a bang-bang anymore. To be more specific, the resulting optimal control that minimizes the Hamiltonian for the minimum-quadratic-control cost function Eq. (14) Now the differential equations for costates will be the same for both optimization problems and are obtained via
For instance, the first six adjoint equations are given by
The next six adjoint equations, corresponding to the states 7 through 12, take the form of Note that for this problem formulation, the third and the sixth costates are decoupled. This feature will be addressed further.
The transversality (end) conditions, which are additional necessary conditions for optimality, follow directly from Eq. (11) 
Hence, in addition to et f 0 [Eq. (11)], the transversality conditions give the following 14 additional equalities to be satisfied at the terminal point:
Finally, since the Hamiltonian is time-independent [12] ,
Equations (11), (28) The problem is solved numerically, with a shooting approach, by forward integrating the 40 differential equations, forced by the synthesized optimal controls, for t f seconds and checking the terminal conditions. If the conditions are not satisfied (within numerical tolerance), the values of the initial costates [ i t 0 for i 1; . . . ; 20] and the final time t f are appropriately changed, and the integration is repeated.
B. Collision Avoidance Through a Path Constraint
For the close-proximity rendezvous problem, a critical issue is the collision avoidance. The collision avoidance can be taken into consideration by imposing the following path constraint: the center of mass of the chaser spacecraft must remain at a distance larger than some minimum distance (a "keep-out" sphere with a radius r) from the center of mass of the RSO. This ensures that the chaser vehicle will not pass through the target vehicle in order to reach the docking position. Mathematically speaking, this can be defined as
where x i (i 1, 2, 3) are the first three elements of the state vector (9) . Furthermore, while a trajectory is on a path constraint h 0, the tangential condition must also be satisfied [13] :
Consequently, the Hamiltonian should be augmented by another term:
where is a constant and
(since the path constraint has to be differentiated with respect to time twice before the control variables appear in the expression). The value of is dictated as follows.
Off the constraint boundary,
On the constraint boundary,
Therefore, upon first contact with the path constraint, the costate values and Hamiltonian will be discontinuous [13] .
C. Possibility of a Singular Control for a Minimum-Time Problem
Upon closer inspection, we find that in the z direction the translational control u 3 is decoupled from all other controls. In particular, from Eq. (1) 
In this case 6 t 0 and the optimal control cannot be defined from Eq. (39), but requires more rigorous analysis [13] .
IV. Methodology for Obtaining a Solution and Checking Its Optimality
This section presents the methodology for obtaining and verifying optimal solutions for the two problems posed in Sec. II. Despite the fact that the structure of an optimal control was defined analytically (in the previous section) it would be very difficult to solve this problem using a direct shooting approach with arbitrary initial values of the varied parameters, as the numerical solution would likely diverge. That is where direct methods of calculus of variations become useful. In what follows we first introduce a specific rendezvous scenario with the particular numerical values examined. Next, we describe a procedure for obtaining a quasi-optimal numerical solution for each of the two optimization problems using one of the direct collocation (pseudospectral) methods. Finally, a methodology of using this solution, which is very close to the true optimal one, to address the problem using a direct shooting method for the TPBVP formulated in Sec. III is introduced.
A. Defining Rendezvous Scenario
A sample maneuvering scenario is considered with the chaser center of mass starting at a distance of 5 m from the target center of mass, and with the target having an initial angular velocity of 0:25 rad=s in both y and z body axes. The body coordinate frames of each spacecraft and the orbit frame are assumed to be coincident with the inertial frame at the beginning of the simulation. The chaser docking point is located at 0:25; 0; 0 T m in the body frame while the target docking point is located 1; 0; 0 T m in the target body frame. The initial values mentioned and the remaining states for computer simulations discussed in the following sections are presented in Table 1 . Without loss of generality it is assumed that m 1 kg, 0:005 rad=s, I C I T I 33 (where I 33 is the identity matrix), r 2 1:5 m 2 , and the maximum final time is 10 s.
B. Solving the Optimal Control Problems Using the Gauss Pseudospectral Optimization Solver
The optimal control problems posted in Secs. II were first solved using the Gauss Pseudospectral Optimization Solver (GPOPS) [14] . This is an open-source and freely available software package for solving optimal control problems. As many as 150 internal nodes were chosen for the solution (usually, to speed up the numerical procedure not more than about 60 nodes are used [15] ). The initial 
conditions were chosen based on Table 1 and the final conditions were based on matching position and velocity of the terminal point (see Eq. (11)).
C. Verifying the Pseudospectral Solution with the Minimum Principle
The differential equations for the states [Eqs. (1), (3), (5), and (8) 
while varying the 21 varied parameters, X 1 t 0 ; . . . ; 20 t 0 ; t f T . By default, the termination tolerance for the function value and on vector of varied parameters was set to 10 6 . For the case of path constraints placed on the state variables as in Eq. (30), 20 additional parameters were added to define the costates values at the time, t d , where they become discontinuous [12] . For this case a reset is included, along with the integrator that resets the costates to these new parameters if the path constraint is encountered. In this case, the X value is augmented to include initial guesses of the costate values for the time t d [14] :
The vector X is only augmented with enough costate reset values as suspected path constraint contact points deduced from the PSM solution. For example, the PSM solution suggests only one contact with the path constraint, therefore the X vector was augmented with only one set of t d values.
To implement the state path constraint of the form hx 0, where h does not depend on u, a penalty function P was associated with the violation of the constraint that took the form of is not on the constraint or meets the tangency conditions while on the constraint, there will be no penalty associated with the cost. A penalty function of this type is also appealing because it has a smooth transition from solutions where constraints are not violated to BOYARKO, YAKIMENKO, AND ROMANO solutions where they are violated. Note that if the vehicle is on the boundary and meets the tangency conditions, it will not cross the boundary.
V. Obtaining and Analyzing the Minimum-Control Solution
The minimum-control solution with the optimal controls defined in Eq. (14) is here presented first. First, the PSM solution is introduced and then its verification with the MP solution is discussed.
A. Minimum-Control Solution with the Pseudospectral Solver
For the minimum-control rendezvous scenario set in Sec. IV.A the pseudospectral method yielded the solution shown in Fig. 2 . This solution returned a value of J 0:1133 s. The overlaid sphere is centered on the target RSO and has a radius equal to that of the distance by which the docking point of the RSO is offset from its center of mass. Figure 3 shows the planar views of the solution. The final maneuver time is calculated to be 10 s, which is the upper bound on the final allowable time for this scenario (without this limit the optimal solution would yield an infinite final time). Figure 4 shows a plot of the resulting controls histories (solid lines) as well as the associated costate histories (without units) that were used to synthesize the optimal control based on Eq. (14) (dashed lines). Figures 5 and 6 show the time histories of the vectors et and t, illustrating that all components approach zero at the end. Table 2 summarizes the results of optimization in terms of the values of varied parameters, initial value of the costates and Table 3 lists the terminal values of et, t, and Ht. Since the final value of the Hamiltonian does not tell a full story for numerical solutions, its complete time history is presented in Fig. 7 . It should be noted that the achieved terminal tolerance of the order of 10 7 -10 11 does not necessarily indicate the quality of the solution. The reason for this is that the parameters of the trajectory are being computed (optimality conditions enforced) at only 150 nodes. Another important issue worth mentioning here is that it took 11,869.27 s (almost 3.3 h) to produce this 150-node solution of a 10-s-long trajectory on a 2.33 GHz Dell Precision M90 desktop computer with an Intel T7600 processor and 1 Gb of RAM. The initial guess for the solution (required as an input to the pseudospectral method) consisted of two terminal points, one at the initial time and one at the final time. The guess for the initial states corresponded to the initial conditions, and the guess for the final states consisted of zeros for the first 12 states and the value of 0; 0; 0; 1 T for the states corresponding to the quaternions. The guess for the control history was 0 at the initial and final times for all controls. A less accurate solution, with a lower number of nodes, would obviously require less computational resources [15] . For instance, a 25-node solution will require only 219.43 s (less than 4 minutes) on the same computer. The solution appears to be feasible and realizable in practice (as shown, in the smooth controls in Fig. 4 ), but can be used only for offline computations, i.e., in an open-loop guidance scheme. The jump in Hamiltonian value in Fig. 7 and other Hamiltonian histories to follow occurs when the path constraint from Eq. (30) is enforced as in Eq. ().
B. Verification of the Pseudospectral Solution with the Minimum Principle
As discussed in Sec. IV.C the initial guesses provided by the PSM solution (Table 2) were used to run an optimization procedure exploiting the optimal controls synthesized using the MP. The quasiNewton-method-based optimization routine employing forward shooting and integration of equations of motion using a BogackiShampine Rungei-Kutta method of order 3 [16] with a fixed step of 10 3 . This approach results in a solution that has as many as 10,000 points (as opposed to just 150 nodes as in the pseudospectral method). Of course, it comes with an increased computational cost. Even with the perfect initial guesses for all varied parameters it takes many hours or even days for the optimization process to converge (compared with the minutes or hours for the PSM). The MP solution, returned a value of the performance index J 0:11341185 (compare with J 0:1133 for the PSM solution), cost function 0:001768, and P 1:646e 06.
As expected, solving the same problem as in Sec. V.B (a quadratic control case with path constraints) produces the results, the optimal trajectory, controls, and time histories of all parameters, which are pretty close to those produced by the PSM. To save space here, we choose to present only control time histories and those states and costates that were not shown for the PSM solution. Specifically, Fig. 8 shows the control time histories, discontinuous when the path constraint is intersected at t d 9:642 s, and Figs. 9-11 show the states and corresponding costates of the chaser and target RSO. The values of the initial costates as suggested by the MP are shown in Table 4 , and the terminal values et f , t f , and Ht f are shown in Table 5 . Figure 12 presents the time history of the Hamiltonian.
Note that some of the values in Table 4 appear in the boldface. These are the only values that differ from the PSM solution (Table 2) . Obviously, the numerical integration is quite sensitive to the initial values of the varied parameters. However, the results obtained by applying the minimum principle verify that the pseudospectral solver provides a solution very close to the truly optimal one. The three-dimensional trajectory and two-dimensional projections of the trajectories given by the pseudospectral solver are shown in Figs. 13 and 14 , respectively. Evidently, they are different from those shown in Figs. 2 and 3 . The resulting control history is shown in Fig. 15 . The f z control (of the translational motion in the z direction) turns out to be highly oscillating. The values of the initial costates as suggested by the PSM are shown in Table 6 and the terminal conditions of the boundary equations are shown in Table 7 . The time history for the Hamiltonian is presented in Fig. 16 .
Closer inspection of the pseudospectral solution for 6 in Fig. 15 (it jumps around zero value) suggests the presence of a singular control. This is indirectly confirmed by oscillations of the Hamiltonian. Hence, the f z control is not only not optimal, it is infeasible as well.
With 150 nodes the computational time to arrive at the solution shown above (3.4237 s maneuver) was 8,929.55 s (2:5 h). (The initial guess for the solution was the same as the one used for the minimum-energy case.) For comparison, with 25 nodes the required computational time can be reduced to only 100.77 s (less than 2 min). However, as shown in Fig. 17 the controls in this case are even less optimal than in Fig. 15 , and, of course, the Hamiltonian (Fig. 18) varies even more than that of Fig. 16 . The minimum-time rendezvous problem is approached in a similar fashion to the minimum control. First, the problem is investigated using the cost function in Eq. (49). A major difference that arises compared with the minimum-control solution is the existence of a singular control in u 3 , which controls acceleration in the z orbital direction. As discussed in Sec. III.C, the analytical synthesis of the singular control is quite bulky and therefore was not derived, but in the numerical solution it was handled as follows. The optimal control structure was assumed to have the following form: Figs. 19 and 20. The corresponding optimal controls profiles are presented in Fig. 21 . As shown, the u 3 min 0 u 3 max u 3 min profile was found to be optimal for the u 3 control (i.e., t 5 t 6 t f ). The time histories for the remaining controls (u 1 , u 2 , u 4 , u 5 , and u 6 ) match those for the pseudospectral solution (Fig. 12). Figures 22-24 show the states and costates time histories for the chaser and target RSO, respectively. The values of the initial costates as determined by the MP are shown in Table 8 and the errors in satisfying boundary conditions are shown in Table 9 . It results 0:002 and P 0:00124. Figure 25 presents the Hamiltonian (cf. Figs. 16 and 18) .
Again, the boldface values in Table 8 indicate the differences as compared with the pseudospectral quasi-optimal solution. As opposed to the minimum-control case, when the truly optimal solution happened to have almost the same values of the initial costates, in the minimum-time case implying a singular control, the optimal solution involved more variations from the solution provided by the pseudospectral method. Of course, as in the minimum-control case presented in Sec. V, the indirect-method-based optimization was run recursively multiple times for several days in order to converge. Nevertheless, the errors in satisfying the terminal conditions (Table 9 ) were of several orders higher than those of claimed by the pseudospectral solution ( Table 7 ). The next section provides some more details on this issue.
C. Propagation of the Pseudospectral Solution
Once again, for the solutions provided by the pseudospectral solver, vehicle dynamics are satisfied only at a limited number of nodes. That is why the error in meeting all constraints is so negligibly small as compared with solutions provided by the methods involving integration of equations of motion (shooting method). However, if the controls given by the pseudospectral solver are used as forcing functions, and the dynamics are numerically integrated, the resulting accuracy is similar to the one obtained by the shooting approach.
To illustrate this, consider the example of the controls for the minimum-time solution (including an arbitrary control for f z ) and integrate it. The result of integrating the equations of motion derived in Secs. II and III with a fixed time step of 0.0001 s is shown in Figs. 26 and 27 (the zeroth-order hold of the last control inputs was used). The trajectories are practically the same as in Figs. 13 and 14 , but the endpoint discrepancies, summarized in Table 10 , obviously grew. Figure 28 shows a progression of the chaser spacecraft as it approaches the orientation of the RSO at the final time. The endpoint conditions of the state variables are shown in Table 10 . Note that the endpoint conditions of the transversality conditions are not known, because the costates are not propagated. 
VII. Conclusions
The paper presented a six-degree-of-freedom 20-state model of a two-spacecraft rendezvous. The minimum-quadratic-control and minimum-time continuous-optimal-control problems were formulated andaddressed using one of the direct collocation (pseudospectral) methods. For both problems, the desired optimal trajectory of chaser spacecraft with respect to a tumbling resident space object is sought such that the desired docking points match in position and velocity. Moreover, the solutions obtained were verified based on the minimum principle, numerically solved by using a shooting approach. That included derivation of the adjoint equations, formulation of the necessary conditions for the optimal solution, and synthesis of the optimal controls. The results obtained from using the direct method are very close to those obtained using the minimum principle. It was also found that path constraints are necessary when solving for the optimal trajectory in order to prevent undesired collision of the spacecraft. This was shown by the active path constraint that results in discontinuous costates upon contact with the constraint boundary.
As expected, the pseudospectral solver method was found to be reliable and yielded the results relatively fast. Moreover, these results were also validated via propagation of the states based on the system dynamics and previously calculated optimal controls. However, the pseudospectral method proved to be unable to produce the results fast enough so that it could be used in real time. Hence, in the near future it leaves only an offline open-loop option to be used on a real spacecraft. But even then, it was found that in the case of a singular control, the method returns somewhat infeasible results. That suggests avoiding using the time of maneuver as a performance index, but rather blend it with some other criterion such as control expenditure. The main simplifying hypothesis considered in the numerical simulation presented in the present paper was the spherical inertial symmetry of both chaser and target spacecraft as well as thrust control limits being applied in the orbital frame, regardless of chaser spacecraft orientation. To achieve feasible controls in real time, further study is required to remove this hypothesis, along with an investigation of the usage of different combined performance indexes and other direct methods such as one based on the inverse dynamics of the problem. 
